On the profinite rigidity of lattices in higher rank Lie groups by Kammeyer, Holger & Kionke, Steffen
ar
X
iv
:2
00
9.
13
44
2v
1 
 [m
ath
.G
R]
  2
8 S
ep
 20
20
ON THE PROFINITE RIGIDITY OF LATTICES IN
HIGHER RANK LIE GROUPS
HOLGER KAMMEYER AND STEFFEN KIONKE
Abstract. We study the existence of lattices in a higher rank
simple Lie group which are profinitely but not abstractly commen-
surable. We show that no such examples exist for the complex
forms of type E8, F4, and G2. In contrast, there are arbitrarily
many such examples for all other higher rank Lie groups, except
possibly SL2n+1(R), SL2n+1(C), SLn(H), and any form of type E6.
1. Introduction
Two groups are called profinitely isomorphic if they have isomor-
phic profinite completions. It is known that certain arithmetic groups
with the congruence subgroup property provide lattices in higher rank
semisimple Lie groups which are profinitely isomorphic but not isomor-
phic; see [1,2,10] and also [17] for a construction in positive character-
istic. With some care, one obtains those examples as well in simple Lie
groups.
Observation. Let G be a higher rank connected simple Lie group with
trivial center and not isomorphic to PSLn(H) or to a complex or real
form of type E6. Then there exist arbitrarily many lattices in G which
are pairwise profinitely isomorphic but pairwise not isomorphic.
The exceptions can likely be omitted; they owe to the incomplete
status of the congruence subgroup problem. So lattices in higher rank
Lie groups are not profinitely rigid among themselves: the assumption
Γ̂1 ∼= Γ̂2 does not imply Γ1 ∼= Γ2. However, our examples are arith-
metic subgroups of different congruence levels. While they are not
isomorphic, they are commensurable which is why they should not re-
ally be considered as distinct lattices. Hence it seems more on point to
ask for examples of profinitely isomorphic lattices in G of higher rank
which are not commensurable. The purpose of this article is to show
that in most cases they exist but there are three surprising exceptions.
Theorem 1.1. Let G be a complex Lie group of type E8, F4, or G2
and let Γ1,Γ2 ⊂ G be lattices such that Γ̂1 is commensurable with Γ̂2.
Then Γ1 is commensurable with Γ2.
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Here and in the remainder we assume that the real or complex Lie
group G is connected, simple and has finite center. Lattices with
commensurable profinite completions as in the theorem shall be called
profinitely commensurable.
Theorem 1.2. Let G be a higher rank Lie group which is either
• a real form of type E7, E8, F4, or G2,
• the complex form of type E7,
• a classical Lie group which is not locally isomorphic to any of
the groups SL2n+1(R), SL2n+1(C) or SLn(H).
Then for each n ≥ 2, there exist cocompact lattices Γ1, . . . ,Γn ⊂ G
which are pairwise profinitely isomorphic but pairwise not commensu-
rable.
So the complete list of higher rank Lie groups currently not cov-
ered by either Theorem 1.1 or Theorem 1.2 is given by SL2n+1(R) and
SL2n+1(C) with n ≥ 1, SLn(H) with n ≥ 3, E6(6), E6(2), E6(−14), E6(−26),
and E6(C). If the congruence subgroup property was known to hold
true for higher rank groups of type An and E6, all these groups would
likewise fall under the conclusion of Theorem 1.2. Let us stress how-
ever, that though the congruence subgroup problem is generally open
in type An and D4, we were able to exploit the partial progress made
in the literature to the extent that the type An groups SL2n(C) and
SL2n(R) with n ≥ 2, as well as SU(p, q) for p, q ≥ 2, and all the type
D4 groups SO
0(6, 2), SO0(5, 3), SO0(4, 4), and SO∗(8) are included in
Theorem 1.2.
We remark that profinite rigidity questions are typically only posed
for residually finite groups to avoid trivial examples like Γ̂× Λ ∼= Γ̂×
Λ̂ ∼= Γ̂ for any group Γ and any infinite simple group Λ. Most simple
Lie groups with finite center are linear and hence lattices are residually
finite. However, there are simple Lie groups with finite center which
admit lattices that are not residually finite. An example is given by
the four-fold covering of Spn(R) [7]. In these cases it is nevertheless
reasonable to consider the profinite completion because the kernel of the
completion homomorphism Γ→ Γ̂ is merely a finite central subgroup.
Profinite rigidity of groups and related problems receive considerable
attention in current research activities; see [28] for a survey. Fundamen-
tal groups of 3-manifolds, see [4] and references therein, and lattices in
Lie groups [11, 33] are the main objects of interest.
We briefly sketch the proofs of Theorems 1.1 and 1.2. For the first
theorem, we apply Margulis arithmeticity to conclude that for i = 1, 2,
Γi is commensurable with an arithmetic subgroup in a ki-group Gi
over some number field ki with precisely one complex place such that
Gi is anisotropic at all real places of ki. The congruence subgroup
property, which is known in the exceptional types under consideration,
PROFINITELY ISOMORPHIC LATTICES 3
effects that Γ̂i is commensurable with the finite adele points Gi(A
f
ki
)
of Gi. Hence G1(A
f
k1
) is commensurable with G2(A
f
k2
) from which we
conclude that the number fields k1 and k2 are arithmetically equivalent,
meaning they have equal Dedekind zeta function. There exists a myriad
of arithmetically equivalent number fields, also among totally real ones,
which are not isomorphic. However, we prove the following entirely
number theoretic rigidity result of independent interest.
Theorem 1.3. Let k1 and k2 be arithmetically equivalent number fields
with precisely one complex place. Then k1 is isomorphic to k2.
Arithmetically equivalent number fields have isomorphic Galois clo-
sures and we show that the condition on the places restricts the possible
occurring Galois group in such a way that it cannot possess subgroups
which would define Gassmann triples corresponding to non-isomorphic
arithmetically equivalent fields. With the theorem at hand, we can
conclude that G2 is a k1-twist of G1. These are classified by the non-
commutative Galois cohomology set H1(k1,G1) because G1 has trivial
center and trivial outer automorphism group. The Hasse principle for
simply connected groups in combination with M.Kneser’s vanishing re-
sult for Galois cohomology over p-adic fields therefore implies that G1
is actually k1-isomorphic to G2, hence Γ1 is commensurable with Γ2.
The proof of Theorem 1.2 splits up into various cases, and surpris-
ingly there seems to be no argument which works uniformly in all cases.
At this point we shall only present the general case for real forms G. We
may then assume G = G(R) for an absolutely simple, simply connected
algebraic R-groupG. We construct linear algebraic groups G1, . . . ,Gn
over a suitable totally real number field k such thatGi is isomorphic to
G at exactly one real place of k and is compact at all other real places.
The lattices arise as arithmetic subgroups Γi ⊆ Gi(k), ensuring that
the congruence subgroup property holds for the groups Gi (special at-
tention is needed in type Am and D4). The core of the argument is a
local-global principle which almost allows us to achieve that the groups
G1, . . . ,Gn are isomorphic at all finite places of k. If the groups Gi
were isomorphic at all finite places of k, then the congruence subgroup
property implies that the groups are profinitely commensurable (by
Theorem 2.4 and Lemma 2.5). If the field k has no non-trivial auto-
morphisms, then Margulis superrigidity can be used to deduce that
the arithmetic lattices are not commensurable (Theorem 2.6). There
is however a caveat: The local-global principle only allows to control
the isomorphism type except for one finite place. But since there ex-
ists only a finite number of possible p-adic types for the groups Gi,
we can infer from Dirichlet’s box principle that for arbitrary large n,
arbitrarily many of the groups Gi are isomorphic at every finite place.
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Structure of the article. We discuss some preliminaries in Section 2.
Sections 3, 4, and 5 are dedicated to the proofs of Theorems 1.3, 1.1 and
1.2, respectively. The proof of the introductory observation concludes
the article in Section 5.7. A short survey on the status of the congruence
subgroup problem is included as an appendix.
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2. Preliminaries
2.1. Notation. Let k be an algebraic number field. The set of places
of k is denoted by V (k) = V∞(k) ∪ Vf(k); it is the union of the set
of archimedean places V∞(k) and the set of finite places Vf(k). The
completion of k at v ∈ V (k) is denoted by kv. The ring of adeles
(respectively of finite adeles) of k is Ak (resp. A
f
k).
2.2. Number fields without automorphisms. The following result
is well-known; e.g., [19, Proposition 2.3].
Lemma 2.1. There are totally real number fields of arbitrarily large
degree over Q with trivial automorphism group.
Proof. For (arbitrarily large) n ≥ 3, let K/Q be a totally real Galois
extension with Galois group Gal(K/Q) ∼= Sn. Let H ≤ Gal(K/Q)
be a subgroup isomorphic to Sn−1. The fixed field k = K
H is totally
real, [k : Q] = n and k has a trivial automorphism group. Indeed,
an automorphism of k extended to K/Q normalizes H but Sn−1 is
self-normalizing in Sn. 
Similarly, there is the following result for “almost” totally real fields.
Lemma 2.2. There are number fields of arbitrarily large degree over Q
with precisely one complex place and with trivial automorphism group.
Proof. Fix a prime number p > 2 and an irreducible rational polyno-
mial P of degree p with exactly two non-real roots. Let K be the
splitting field of P with Galois group G ⊆ Sp. Given a ∈ K with
P (a) = 0, the subgroup H ≤ G corresponding to k = Q(a) has index
p. So the group G ⊆ Sp contains an element of order p which must
be a full p-cycle because p is prime. Moreover, the non-real roots of P
are complex conjugates of one another, hence complex conjugation ex-
hibits a nontrivial transposition in G. A symmetric group of prime
order is generated by any full cycle and any transposition, so G = Sp.
We observe (as in Lemma 2.1) that the stabilizer H of a is actually
self-normalizing. Hence k = Q(a) has trivial automorphism group. 
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2.3. Finite coverings of Lie groups. The following lemma will be
applied to reduce the proof to the case where the Lie group G is given
by the R- or C-points of a linear algebraic group.
Lemma 2.3. Let f : G1 → G and g : G → G0 be homomorphisms of
Lie groups with finite kernels. Assume that G is linear. If G possesses
n cocompact lattices which are pairwise profinitely commensurable but
pairwise not commensurable, then the same holds true for G1 and G0.
Proof. The linearity will only be used to ensure that all lattices in G
are residually finite. It suffices to treat the case n = 2. Let Γ1,Γ2 ⊆ G
be two non-commensurable, profinitely commensurable lattices. Then
∆i = f
−1(Γi) is a cocompact lattice in G1. Let Ki ⊆ ∆i be the kernel
of the completion ∆i → ∆̂i. Since Γi is residually finite, Ki ⊆ ker(f).
Since ker(f) is finite, there is a finite index normal subgroup ∆′i ⊆ ∆i
which intersects ker(f) exactly in Ki and thus the profinite completion
of ∆′i is isomorphic to the profinite completion of f(∆
′
i) which is a
finite index normal subgroup of Γi. Therefore ∆
′
1, ∆
′
2 are profinitely
commensurable. However, these groups are not commensurable, since
every isomorphism between finite index subgroups maps the completion
kernelK1 to the kernelK2, i.e., it induces an isomorphism of finite index
subgroups of Γ1 and Γ2.
Since Γ1,Γ2 are residually finite and ker(g) is finite, there are finite
index subgroups Γ′1,Γ
′
2 which do not intersect ker(g) so that they are
isomorphic to lattices in G0. As finite index subgroups of Γ1,Γ2 they
are still profinitely commensurable but not commensurable. 
2.4. The congruence subgroup property and its consequences.
A key ingredient in the proof is the congruence subgroup property (CSP).
We will apply various special cases of the congruence subgroup prop-
erty whose proofs are somewhat scattered throughout the litereature.
Therefore, we include a detailed discussion of the congruence subgroup
property and its status as Appendix A of this paper. In particular, The-
orem A.5 contains a list of groups for which CSP is currently known
to hold true. The following result is another main tool for us.
Theorem 2.4. Let k be an algebraic number field and let G be a sim-
ply connected simple linear algebraic group over k. Let Γ ⊆ G(k) be
an arithmetic subgroup. Assume that G∞ =
∏
v∈V∞(k)
G(kv) is not
compact.
(a) Γ ⊆ G∞ is a lattice. If G(kv) is compact for some v ∈ V∞(k),
then Γ is cocompact.
(b) Assume that G has CSP. Then the profinite completion Γ̂ is com-
mensurable with the open compact subgroups of G(Afk).
Proof. Part (a) is a famous result of Borel and Harish-Chandra [5]. To
prove part (b), note that by CSP the kernel of the map ϕ : Γ̂→ G(Afk)
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is finite, see (A.2) in Appendix A. Passing to a finite index subgroup
of Γ, we can assume that ϕ is injective. The strong approximation
theorem holds since G is simply connected [20, Theorem 7.12] and
implies that the image of ϕ is open (and compact since Γ̂ is compact).

Finally, we will need to know that a collection of local isomorphisms
of algebraic groups assembles to an adelic isomorphism.
Lemma 2.5. Let k be an algebraic number field and let G, H be two
semi-simple linear algebraic groups over k. If G, H are isomorphic at
all finite places, i.e., G×k kv ∼= H×k kv for all v ∈ Vf(k), then
G(Afk)
∼= H(Afk)
as topological groups.
Proof. By assumption the topological groups G(kv) and H(kv) are iso-
morphic at all finite places v of k. We pick models of G, H over the
ring of integers Ok of k. Then for all but finitely many places v ∈ Vf(k),
the compact subgroups G(Ok,v), H(Ok,v) are hyperspecial [35, 3.9.1]
and hence isomorphic [35, 2.5]. We deduce that
G(Afk) = lim−→
S
∏
v∈S
G(kv)×
∏
v 6∈S
G(Ok,v)
∼= lim−→
S
∏
v∈S
H(kv)×
∏
v 6∈S
H(Ok,v) ∼= H(Afk)
where the direct limit runs over all finite sets S of finite places of k. 
2.5. Margulis superrigidity. Margulis superrigidity will be used to
show that certain arithmetic lattices are not abstractly commensurable.
Theorem 2.6 (Margulis). Let k1, k2 be number fields and letG1,G2 be
simply connected, absolutely almost simple linear algebraic groups over
k1 and k2 respectively. Assume that
∑
v∈V∞(kj)
rkkj(Gj(kj,v)) ≥ 2 for
all j ∈ {1, 2}. The arithmetic subgroups Γ1 ⊂ G1(k1) and Γ2 ⊂ G2(k2)
are commensurable if and only if there is an isomorphism of fields σ :
k1 → k2 and a k2-isomorphism of algebraic groups η : σG1 → G2.
Proof. After passing to finite index subgroups, we can assume that
there exists an isomorphism δ : Γ1
∼=−→ Γ2. Then by Margulis super-
rigidity [18, Theorem (C), p. 259], there exists σ : k1 → k2 and an
epimorphism η : σG1 → G2 such that δ agrees with η on a finite in-
dex subgroup of Γ1. Without loss of generality δ = η|Γ1. The same
argument applied to δ−1 implies that σ is an isomorphism and further
(since G2 is simply connected) that η is an isomorphism.
Conversely, if σ and η exist, then Γ1 and Γ2 are (isomorphic to)
arithmetic subgroups of the same algebraic group and are thus com-
mensurable. 
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3. Proof of Theorem 1.3
In this section we show that arithmetically equivalent number fields
k1 and k2 with precisely one complex place are isomorphic. The proof
will use two auxiliary results on permutational wreath products and
their permutation representations.
Proposition 3.1. Let n ≥ 2 and let G ⊆ Sn be a transitive permutation
group which contains a transposition. Then G is a permutational wreath
product Sm ≀Ω H for a transitive permutation group H ⊆ Sym(Ω) and
some m ≥ 2 with m · |Ω| = n.
Proof. Let τ ∈ G be a transposition, without loss of generality τ =
(1 2). Let T ⊆ {1, . . . , n} be the set
T = {1} ∪ {j ∈ {2, . . . , n} | (1 j) ∈ G}.
Renumbering the elements, we can assume that T = {1, . . . , m} with
m ≥ 2. Since Sm is generated by the set of transpositions {(1 j) | j ≤
m}, we have Sm ⊆ G.
Next we observe that for all g ∈ G the sets g(T ) and T are either
disjoint or equal. Indeed, suppose that g(i) = j ∈ T for some i ∈ T .
We need to show that g(T ) = T . For all i′ 6= i in T , either g(i′) = 1 ∈ T
or
(1 g(i′)) = (1 j)(j g(i′))(1 j) = (1 j)g(i i′)g−1(1 j) ∈ G
and hence g(i′) ∈ T . Consequently, the sets g1(T ), g2(T ) are either
disjoint or equal for all g1, g2 ∈ T and the collection of these sets is a
partition of {1, . . . , n} into m-element subsets; again after renumbering
we may assume that the partition is given by the sets Tℓ = {(ℓ− 1)m+
1, . . . ℓm} for 1 ≤ ℓ ≤ n/m.
Let Ω = {T1, T2, . . . , Tn/m} = {g(T ) | g ∈ G}. Observe that if
g(T ) = Tℓ, then gSmg
−1 = Sym(Tℓ) and thus G contains the normal
subgroup
N := Sym(T1)× Sym(T2)× · · · × Sym(Tn/m) ∼= Sn/mm .
Let H ≤ G be the subgroup of permutations σ which satisfy σ(i) ≡
i mod m for all i ∈ {1, . . . , n}, i.e., the elements of H permute the
blocks T1, T2, . . . , Tn/m preserving the natural order of the elements
within the blocks. Then N ∩ H = {Id} and NH = G, so that G =
N ⋊H = Sm ≀Ω H . 
Let G be a group and let X be a G-set, also known as an abstract
permutation representation of G. The character of X is the function
χX : G→ Q with χX(g) = |Fix(X, g)|. The obvious permutation repre-
sentation of a wreath product Sm ≀ΩH on {1, . . . , m}×Ω will be called
the standard permutation representation.
Proposition 3.2. Let G = Sm ≀Ω H be a wreath product and let X
be a permutation representation of G. Assume that the character of X
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coincides with the character of the standard permutation representation.
Then there exists a G-equivariant bijection from {1, . . . , m} × Ω to X.
Proof. For ω ∈ Ω, we write Sωm to denote the copy of Sm which acts
on {1, . . . , m} × {ω}. The normal base of the wreath product will be
denoted by N =
∏
ω∈Ω S
ω
m. Observe that |X| = χX(e) = m|Ω| =: n.
Step 1: Let τ ∈ Sωm ≤ N ≤ G be a cycle of length ℓ, then τ acts as
a cycle of length ℓ on X .
Every permutation is a product of disjoint cycles. But since we have
χX(τ
j) =
{
n if ℓ | j
n− ℓ otherwise
we see that τ and all its non-trivial powers move exactly ℓ points in X .
Thus the product of cycles by which τ acts on X can only have one
factor and this factor must have length ℓ.
Step 2: There is a partition X =
⊔
ω∈ΩXω into subsets of cardinality
m such that Sωm permutes only the elements ofXω and the induced map
Sωm → Sym(Xω) is an isomorphism.
Let Xω be the set of all elements moved by elements in S
ω
m, that is,
the union of all supports. We observe that the size of the support of a
permutation is determined by the character, since |supp(σ)| = n−χ(σ).
Two elements σ, σ′ ∈ G have disjoint supports in the standard permu-
tation representation, exactly if |supp(σσ′)| = |supp(σ)| + |supp(σ′)|,
which happens if and only if σ, σ′ have disjoint supports acting on X .
In particular, the sets Xω are disjoint and since each of them contains
at least m elements (the support of some m-cycle in Sωm by Step 1), we
conclude that |Xω| = m and X =
⊔
ω∈ΩXω. The map S
ω
m → Sym(Xω)
is an isomorphism because an element of the kernel has trivial support
on X , hence trivial support on {1, . . . , m} × Ω, hence it is trivial.
Step 3: If h ∈ H ≤ G satisfies h(ω) = ω, then h acts trivially on Xω.
Let σ ∈ Sωm be an m-cycle. As h and σ have disjoint support in the
standard permutation representation, as above, this is also true on X .
Final step (for m ≥ 3): Assume m ≥ 3. In this case distinct points
in X have distinct stabilizers in N (isomorphic to Sm−1 × Sn/m−1m ).
Hence we can define a bijection f : {1, . . . , m} × Ω→ X as follows:
f(i, ω) = unique point x ∈ X with StabN(x) = StabN(i, ω).
This map is G-equivariant, since in any permutation representation of
G the stabilizer of g · y in N is gStabN(y)g−1.
Final step (for m = 2): Assume that m = 2. In this case the two
points in Xω have the same stabilizer in N and we need to make a
choice how to enumerate them. Fix ω0 ∈ Ω and let Xω0 = {xω0 , yω0}.
Let h ∈ H with h(ω0) = ω. We define xω = hxω0 and yω = hyω0 and
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note that this definition is meaningful due to Step 3. Now the map
f : {1, 2} × Ω→ X with
f(1, ω) = xω and f(2, ω) = yω
is bijective and we claim that it is G-equivariant. By Step 2, we know
that this map is equivariant for the normal subgroup N . In fact it is
also H-equivariant. Let ω ∈ Ω and let h0 ∈ H with h0(ω0) = ω. A
short calculation yields
f(h(1, ω)) = f(1, h(ω)) = xh(ω) = xhh0(ω0) = hh0xω0 = hxω
for all h ∈ H and similarly f(h(2, ω)) = hyω. We conclude that f is
G-equivariant. 
Proof of Theorem 1.3. Let K/Q be the common Galois closure of k1
and k2 over Q; see [12, III (1.4)]. Say k1 = KU1 and k2 = KU2 for
subgroups U1, U2 ⊆ G = Gal(K/Q).
Let k1 = Q(α) and let α = α1, α2, . . . , αn be the complex roots of the
minimal polynomial P ∈ Q[X ] of α. In particular, K = Q(α1, . . . , αn)
is the splitting field of P and the action on the roots is a transitive,
faithful permutation representation of G. This permutation represen-
tation is isomorphic to the permutation representation of G on G/U1,
since the stabilizer of α1 is U1. By assumption k1 has exactly one com-
plex place, i.e., P has one conjugate pair of complex roots and n − 2
real roots. Let η0 : k1 → C be an embedding whose image does not lie
in the real numbers and extend the embedding to η : K → C. The com-
plex conjugation with respect to this embedding is an element of order
two in G which exchanges the two non-real root of P . In particular, it
acts like a transposition on the roots α1, . . . , αn.
Now Proposition 3.1 shows that G is a permutational wreath prod-
uct Sm ≀Ω H with m ≥ 2 and we saw in the proof that the action
on {α1, . . . , αn} is the standard permutation representation. We re-
call that if k1 and k2 are arithmetically equivalent, then the permuta-
tion representations of G on G/U1 and G/U2 have the same character
[12, III (1.3) (iv)]. It follows from Proposition 3.2 that the permuta-
tion representations of G on G/U1 and on G/U2 are isomorphic; in
particular, U1 and U2 = gU1g
−1 are conjugate in G. We deduce that
k2 = K
U2 = KgU1g
−1
= g(k1) is isomorphic to k1. 
4. Proof of Theorem 1.1
In this section we show that profinitely commensurable lattices in
a connected simple complex Lie group G of type E8, F4, or G2 are
abstractly commensurable. This rigidity statement will mainly be a
consequence of Theorem 1.3 as only three features of G are then used
to conclude Theorem 1.1: G is simply connected, has trivial center,
and has no Dynkin diagram symmetries. In particular, G is uniquely
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determined by its Lie algebra g: we have G ∼= G(C) for the linear
algebraic C-group G = AutC(g).
So let Γ1 and Γ2 be two profinitely commensurable lattices in G(C).
We need to show that Γ1 is commensurable with Γ2. By Margulis arith-
meticity [18, Theorem IX.1.11 and p. 293/294], for i = 1, 2, there exists
a dense number subfield ki ⊂ C whose remaining infinite places are
real and there exists a simply connected absolutely almost simple ki-
group Gi which is anisotropic at all real places of ki such that for any
ki-embedding Gi ⊂ GLr the group of ki-integral pointsGi(Oki) is com-
mensurable with Γi. Since commensurable groups are also profintely
commensurable, it follows that G1(Ok1) is profinitely commensurable
with G2(Ok2). Consequently by [10, Theorem 4], k1 is arithmetically
equivalent to k2. By Theorem 1.3, we conclude that actually k1 is
abstractly isomorphic to k2, hence the two subfields of C are either
equal or complex conjugates of one another. Replacing k2 and G2
with the complex conjugate field and group if needbe, we may assume
k1 = k2 = k.
Again owing to the exceptional type at hand, the groupsGi have triv-
ial center and no Dynkin diagram symmetries. We thus have Aut(Gi) ∼=
Gi, so the k-isomorphism type of G2 is classified by a class α ∈
H1(k,G1) in non-commutative Galois cohomology with values in G1.
Since G1 is isomorphic to G2 at all infinite places of k, we see that
α reduces to the distinguished point in H1(kv,G1) for all v ∈ V∞(k).
But by the main theorem of Galois cohomology of simply connected
groups [20, Theorem 6.6, p. 289], we have a bijection of pointed sets
θ : H1(k,G1)
∼=−−→
∏
v∈V∞(k)
H1(kv,G1).
So α is the trivial twist, hence G1 is k-isomorphic to G2. In particular,
G1(Ok) is commensurable with G2(Ok), and so is Γ1 with Γ2.
5. Proof of Theorem 1.2
In this section, k denotes a number field with n := [k : Q] > 2 and
with trivial automorphism group. We will say k has type I if it is totally
real; see Lemma 2.1. In this case k1, . . . , kn denote the completions of
k at the archimedean places. We will say k has type II if it has exactly
one complex place; see Lemma 2.2. In this case k1, . . . , kn−1 denote the
completions at the archimedean places of k with k1 ∼= C.
5.1. Reduction to G = G(R) or G = G(C). As a first step of the
proof of Theorem 1.2, we observe that we may assume that the Lie
group G is the group of real or complex points of a simply connected
simple algebraic group. To this end, let G be a connected simple Lie
group with finite center. Let g be the Lie algebra of G. Since the center
Z(G) of G is finite and the adjoint group G/Z(G), being a subgroup
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of Aut(g), is linear, we may assume by Lemma 2.3 that G has trivial
center.
If g⊗RC is simple, then the linear algebraic R-group Gad = AutR(g)
is absolutely simple and satisfies Gad(R)0 = G. Let G be the simply
connected covering of Gad. By Lemma 2.3 it is sufficient to show for
every n that G(R) has n profinitely isomorphic lattices which are not
commensurable.
If g⊗R C is not simple, then g possesses a complex structure which
turns it into a simple Lie algebra over C. For any such structure, the C-
group Gad = AutC(g) is (absolutely) simple and satisfies Gad(C) = G.
Again G will denote the simply connected covering group of Gad and it
is enough to find n non-commensurable profinitely isomorphic lattices
in G(C).
With these remarks, we associated to each local isomorphism class
of Lie groups G as in Theorem 1.2 a connected simply connected ab-
solutely almost simple linear algebraic K-group G with K = R or
C which is unique up to K-isomorphism. Our task now is to find n
profinitely commensurable lattices in G(K) which are not commensu-
rable. The common intersection of the profinite completions then corre-
sponds to non-commensurable lattices which are profinitely isomorphic,
see [29, Proposition 3.2.2, p. 80] and, for instance, [9, Proposition 6.39,
p. 159].
5.2. Overview of the proof. Let us first assume that K = R, in
which case we take k of type I. The general idea of the proof in this
case was already outlined in the introduction. At this point we have
to point out, however, that the argument only goes through provided
the following two requirements are met.
(i) We need to assume that G and the R-anisotropic real form Gu
with G×R C ∼=C Gu ×R C are inner forms of each other. This is
automatic unless the Dynkin diagram has symmetries, meaning
G has type Am, Dm, or E6. In these cases, one can read off from
the Tits indices [34, Table II], whether the condition is satisfied:
In type Am, the condition fails for SLm+1(R) and SLm+1(H), while
the groups SU(r, s) with r+s = m+1 satisfy this requirement. In
type Dm, the groups SO
∗(2m) = SO(m,H) are inner twists of the
compact form SO(2m). For the groups SO0(r, s) with r+ s = 2m,
the condition is satisfied if r and s are even and fails if r and s
are odd. Finally, in type E6, the condition is satisfied for E6(2)
and E6(−14) and fails for E6(6) and E6(−26).
(ii) We need that k-anisotropic forms of G defined over k satisfy the
congruence subgroup property. This is still generally open in type
Am, D4 and E6.
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Property (ii) forces us to exclude type E6 altogether. In type Am,
however, CSP is known for special unitary groups SU(K/k, h) of her-
mitian forms h over a quadratic field extension K/k as we recall in The-
orem A.8. This allows us to prove Theorem 1.2 for the groups SU(r, s)
in Section 5.3. There we also present a workaround that allows us to
include the groups SL2m+1(R) in spite of the failure of property (i).
Similarly, Kneser [14] has shown that CSP holds for spinor groups.
Since there are no triality phenomena over R, we can use his result to
cover all the groups of type D4. Note also that property (i) fails in
some Dm cases with m ≥ 4. Therefore, we will sort out the type Dm
groups with m ≥ 4 separately in Section 5.4.
With the special cases taken care of, we treat the remaining R-groups
of type Bm, Cm, E7, E8, F4, and G2 in Section 5.5. For all these, the
general strategy applies because (i) and (ii) are satisfied.
Finally, we give the proof of Theorem 1.2 for K = C and G of
type Bm, Cm, Dm with m ≥ 5, and E7 in Section 5.6. Also in the
complex case, type Am and D4 need special attention because of the
incomplete status of CSP. The type D4 group SO8(C) can again be
covered by Kneser’s result so that it was more convenient to include it
in Section 5.4. A similar trick as for SL2m(R) also allows us to cover the
type A2m−1 group SL2m(C). This argument is included in Section 5.3.
5.3. Type A•: SU(r, s), SL2m(R) and SL2m(C). As a first instance we
consider the case when G is either of the groups SU(r, s) with r, s ≥ 2,
SL2m(R) and SL2m(C) with m ≥ 2. In these concrete examples it is
instructive how local-global principles are key to our investigation.
It is well-known that hermitian forms for the extension C/R are clas-
sified by dimension and signature. We also recall that hermitian forms
for a quadratic extension E/F of p-adic fields are classified by dimen-
sion and discriminant d ∈ {±1} (i.e, d = 1 exactly if the determinant
lies in the image of the norm NE/F : E
× → F×).
Fix a dimension m ≥ 2. Suppose that K = k(√a) is a quadratic ex-
tension of k. Let V K∞ (k) denote the set of non-split archimedean places
of k, i.e., the set of real places v where a is negative with respect to
the embedding k → kv. We will use the following result of Landherr
[15] on the existence of hermitian forms with prescribed local proper-
ties: There exists a K/k-hermitian form of dimension m with signature
(ri, si) (with ri + si = m) at vi ∈ V K∞ (k) and discriminant dv ∈ {±1}
at v ∈ Vf(k) exactly if
• dv = 1 for almost all v ∈ Vf (k),
• dv = 1 whenever v splits in K, and
• ∏vi∈V K∞(k)(−1)si∏v∈Vf (k) dv = 1.
The hermitian form is uniquely determined by this data.
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5.3.1. SU(r, s) with r, s ≥ 2. We take k of type I and fix some w0 ∈
Vf(k). By weak approximation, there is an element a ∈ k× which is
negative at all real places and is a non-square in kw0. DefineK = k(
√
a)
and observe that by construction all archimedean places are non-split.
In addition, the finite place w0 does not split in K. Using the result of
Landherr, there is a unique hermitian form hj such that
(i) the signature at the j-th real place is (r, s),
(ii) the signature at all other real places is (r + s, 0),
(iii) the discriminant at w0 is dw0 = (−1)s, and
(iv) the discriminant is dv = 1 for every v ∈ Vf(k) \ {w0}.
These hermitian forms define linear algebraic groups SU(hj) over k
and by Theorem 2.4 (a) arithmetic subgroups Γj ⊂ SU(hj)(k) which
are cocompact lattices in SU(hj)(kj) = SU(r, s). These lattices have
a congruence kernel of order at most two by Theorem A.8 (Since the
compact Lie group SU(r+s) is topologically simply connected, the con-
gruence kernel might however be nontrivial.) In any case, by Lemma
2.5, the groups SU(hj)(A
f
k) are all isomorphic because the hermitian
forms hj are isometric at each finite place. It follows immediately from
2.4 (b) that Γi and Γj are pairwise profinitely commensurable. Finally,
we observe that the groups SU(hj) are not isomorphic. By construc-
tion k has no non-trivial automorphisms and therefore superrigidity via
Theorem 2.6 (we recall that r, s ≥ 2) implies that Γi and Γj are not
commensurable for i 6= j.
5.3.2. SL2m(R) and SL2m(C) for m ≥ 2. Let K denote either R or C
and let G = SL2m(K). If K = R we take k of type I and otherwise of
type II. Pick a rational prime number p which splits completely in k and
let w1, . . . , wn denote the places of k dividing p, i.e., kwi
∼= Qp. We fix
an additional finite place w0 ∈ Vf(k) which is distinct from w1, . . . , wn.
By weak approximation, there is an element a ∈ k× which satisfies: a is
negative in ki for all i ≥ 2, represents a prescribed non-square element
x ∈ Q×p modulo squares at the places w1, . . . , wn and is a non-square
at w0. If K = R we can arrange that, in addition, a is positive in k1.
Define K = k(
√
a). Then V K∞ (k) contains all but the first archimedean
places. By construction, the places w1, . . . , wn, w
0 are not split in K
and the quadratic extensions Kwi/kwi are isomorphic to Qp(
√
x)/Qp.
Using the result of Landherr, there is a unique hermitian form hj such
that
(i) the signature at k2, . . . , kn is (r + s, 0),
(ii) the discriminant at w0 and wj equals −1, and
(iii) the discriminant is dv = 1 for every v ∈ Vf(k) \ {wj, w0}.
By construction, SU(hj)(ki) ∼= SU(2m) for all i ≥ 2. We observe that
SU(hj)(k1) ∼= SL2m(K) due to the choices of k and a. The groups
SU(hj) are pairwise non-isomorphic, since they are non-isomorphic
at one of the finite places w1, . . . , wn. Here it is essential that 2m
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is even; only under this assumption the classification [35, 4.4] entails
that non-isomorphic hermitian forms have non-isomorphic special uni-
tary groups. We claim that the topological groups SU(hj)(A
f
k)
∼=
SU(hi)(A
f
k) are isomorphic for all i, j. Indeed, the groups SU(hj) are
isomorphic at all finite places except for w1, . . . , wn; here a permutation
of the places w1, . . . , wn yields an isomorphism
n∏
ℓ=1
SU(hj)(kwℓ)
∼=
n∏
ℓ=1
SU(hi)(kwℓ).
The argument used in the proof of Lemma 2.5 implies SU(hj)(A
f
k)
∼=
SU(hi)(A
f
k) and we can proceed as above to obtain the lattices Γ1, . . . ,Γn
as arithmetic subgroups of Γj ⊆ SU(hj)(k).
5.4. Type D•: SO
0(r, s) with r+ s even and r+ s ≥ 8 and SO8(C).
5.4.1. SO0(r, s) with r + s even and r + s ≥ 8. The argument here is
similar to the argument above for SU(r, s), now using the correspond-
ing local-global principle for quadratic forms. Recall that quadratic
forms over R are classified by their dimension and signature; quadratic
forms over p-adic fields are classified by dimension, determinant (mod-
ulo squares) and the Hasse invariant (see [30, 6.§4]).
Let k be of type I. Take an odd prime number p which completely
splits in k and let w1, . . . , wn denote the finite places of k dividing p.
We fix an additional finite place w0 ∈ Vf (k) which is distinct from
w1, . . . , wn. We will use [30, Ch. 6, Theorem 6.10] to construct qua-
dratic forms q1, . . . , qn of dimension r + s over k such that
• qj has signature (r, s) at the first real place but is positive defi-
nite over all other real places,
• q1, . . . , qn are isometric at every finite place outside w1, . . . , wn,
• qi is non-split at the place wi, but split at wj for all j 6= i.
In addition, we can achieve that Spin(qi)(kwi)
∼= Spin(qj)(kwj) as
topological groups for all i, j, which entails
Spin(qi)(A
f
k)
∼= Spin(qj)(Afk)
using the argument of Lemma 2.5. By a result of Kneser, the groups
Spin(qj) have CSP; see [14, 11.1]. As before, it follows from Theorems
2.4 and 2.6 that arithmetic subgroups of the algebraic groups Spin(qj)
give rise to profinitely commensurable cocompact lattices in SO0(r, s)
which are not commensurable.
By weak approximation, there is an element a ∈ k× such that (−1)sa
is positive at the first real place, a is positive at all other real places
and such that (−1)(r+s)/2a is a square in kwi for all i ∈ {1, 2, . . . , n}.
We define qj to be the unique form of determinant a which has signa-
ture (r, s) at the first real place, is positive definite at all other real
places, has Hasse invariant −1 at wj , and has Hasse invariant 1 at the
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finite places not equal to w0, wj. The Hasse invariant at w
0 is then
determined by the product formula. It depends on r, s, and n, but not
on j.
We observe that qj is split at wi for all i 6= j, since qj has r +
s variables, and the determinant (−1)(r+s)/2 (i.e., a modulo squares)
and the Hasse invariant 1 are equal to the determinant and Hasse
invariant of the r+s
2
-fold orthogonal sum of hyperbolic planes 〈1,−1〉.
On the other hand, qj is non-split at wj , because the Hasse invariant
of qj and the split form differ. We observe that modulo the canonical
isomorphism kwi
∼= Qp ∼= kwj the forms are isometric and hence the
groups Spin(qi)(kwi) and Spin(qj)(kwj) are isomorphic as topological
groups. However, for i 6= j the Witt indices of qi and qj at wj differ,
hence the kwj -rank of the groups Spin(qi) and Spin(qj) are different.
So these algebraic groups are not isomorphic over k. Note that our
discussion also covers the group G = SO∗(8) which happens to be
locally isomorphic to SO0(6, 2).
5.4.2. SO8(C). Let k be of type II. For i = 1, . . . , n, there exists a non-
degenerate quadratic k-form qi of rank eight, with trivial determinant,
such that qi is anisotropic at all real places of k, such that it has Hasse
invariant −1 at wi and w0, and such that it has Hasse invariant 1
elsewhere. OverQp, every nondegenerate quadratic form in at least four
variables represents 1. For j = 1, . . . , n, we thus have a decomposition
qi ⊗k kwj ∼= 〈1, 1, 1, 1〉 ⊕ hij for some rank four quadratic Qp-form hij
with trivial discriminant and the same Hasse invariant as qi ⊗k kwj .
By our choice of Hasse invariants, hij is Qp-anisotropic if and only if
i = j [31, Theorem 6 (iii), p. 36]. Since the form 〈1, 1, 1, 1〉 is metabolic
over Qp (we assumed p is odd), the form qi has Witt index two at
wi and Witt index four at wj for j 6= i. This shows that the group
Gi = Spin(qi) has Qp-rank two at wi and Qp-rank four at wj for j 6= i.
The groups Gi have moreover CSP by [14, 11.1], so that as above we
can conclude that G(C) ∼= Spin8(C) has n profinitely commensurable
cocompact lattices which are not commensurable.
5.5. The remaining real forms. Suppose G is locally isomorphic to
G(R), where G is a connected, simply connected absolutely almost
simple algebraic R-group. Assume that G is neither of type Am, E6,
nor isomorphic to Spin(r, s). Let Gu be the compact real form of
G. Under these assumptions Gu is an inner form of G as we saw in
Section 5.2. Let Gqs denote the unique quasi-split inner form of G and
Gu.
Let k be of type I. By [6, Proposition 1.10], we can choose a quasi-
split, absolutely simple, simply connected algebraic group G0qs over
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k such that G0qs ×k ki ∼= Gqs for every i ∈ {1, 2, . . . , n}. Fix a nonar-
chimedean place w0 ∈ Vf(k). Then by [25, Theorem 1], for i = 1, . . . , n,
there exists an inner k-twist Gi of G
0
qs such that
• Gi ×k ki is isomorphic to G while
• Gi ×k kj is isomorphic to Gu for j 6= i and
• Gi is isomorphic to G0qs at every finite place w 6= w0.
Here, it is essential that G and Gu are inner twists of each other.
Over p-adic fields, there only exist a finite number of inner twists of a
given absolutely simple group. More precisely, in our context the non-
abelian Galois cohomology H1(kw0,Ad(Gi)) ∼= H2(kw0, Z(Gi)) has car-
dinality at most four [13, Satz 2 and table on p. 254] because we assume
G, hence Gi, is not of type Am. Hence if n > 4(n
′ − 1), the pigeon
hole principle guarantees that at least n′ of the groups G1, . . . ,Gn are
isomorphic at all finite places. Without loss of generality, let us assume
that the first n′ groups G1, . . . ,Gn′ have this property; in particular,
by Lemma 2.5,
(5.1) G1(A
f
k)
∼= G2(Afk) ∼= · · · ∼= Gn′(Afk).
Pick arithmetic subgroups Γi ⊆ Gi(k). The k-group Gi is neither
of type Am, nor E6, nor D4 (in which case it would be a spinor group)
and we have rankki Gi = rankG ≥ 2. Hence the congruence kernel
C(k,Gi) has order at most two by Theorem A.8.
One more time, by Theorem 2.4 and Theorem 2.6, we obtain n′
profinitely commensurable but non-commensurable cocompact lattices
Γ1, . . . ,Γn′ in G(R).
5.6. The remaining complex forms. Finally, let G be a simply
connected simple C-group of type Bm (m ≥ 2), Cm (m ≥ 2), Dm
(m ≥ 5) or E7. In the following, all uniqueness statements for algebraic
groups are meant up to isomorphism over the field of definition of the
group. LetGu be the unique R-anisotropic R-group withGu×RC = G.
Let the R-groupGqs be the unique quasi split inner twist ofGu. Finally,
let G0 be the unique Q-split Q-group with G0 ×Q C = G.
Let k be of type II. Fix an odd prime p that splits in k and let
w1, . . . , wn be the places of k over p. By [6, Proposition 1.10], we
find a quasi-split, absolutely simple, simply connected algebraic group
G0qs over k which is isomorphic to Gqs at all real places of k and is
isomorphic to G0 ×Qp at w1, . . . , wn. According to Kneser [13, Satz 2
and table on p. 254], our assumption on the type ofG implies that there
exists a non-trivial inner Qp-twist Gp of G0 ×Q Qp. Fix another non-
archimedian place w0 which does not lie over p. By [25, Theorem 1],
for each i = 1, . . . , n, there exists an inner k-twist Gi of G
0
qs such that
• Gi is isomorphic to Gu at every real place of k.
• Gi ×k kwi is isomorphic to Gp,
• Gi ×k kwj is isomorphic to G0 ×Q Qp for j 6= i,
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• Gi is isomorphic toG0qs at every finite place w /∈ {w0, w1, . . . , wn}.
By the same pigeon hole argument as above, we may assume that
the first n′ groups G1, . . . ,Gn′ are also isomorphic at w
0. Since p
splits in k, swapping any two places over p defines an automorphism
of Afk . It follows from the argument in Lemma 2.5 that the groups
G1(A
f
k), . . . ,Gn′(A
f
k) are pairwise isomorphic as topological groups.
Since CSP is known for Gi by Theorem A.8, any arithmetic subgroups
Γ1, . . . ,Γn′ of G1, . . . ,Gn′ are pairwise profinitely commensurable co-
compact lattices inG(C) (Theorem 2.4) which are pairwise non-commensurable
because k has no automorphism which could interchange the places
w1, . . . , wn (Theorem 2.6).
5.7. Proof of Observation. Finally, we owe the reader the proof of
our observation made in the beginning of the article.
Theorem 5.1. Let G be a connected real simple Lie group of higher
rank with trivial center. If G is not of type E6 and not isomorphic to
PSLm(H), then there are cocompact lattices Γ1, . . . ,Γn ⊆ G which are
profinitely isomorphic but pairwise not isomorphic.
Proof. Let g be the Lie algebra of G. The simple linear algebraic R-
group Gad = AutR(g), satisfies Gad(R)
0 = G. Let G˜ be the simply
connected covering of Gad. We will construct profinitely isomorphic,
non-isomorphic cocompact lattices Γ1, . . . ,Γn ⊆ G˜(R) which do not
intersect the center and are thus isomorphic to lattices in G.
If G˜ is absolutely simple, then we take k of type I and set G = G˜. If
G˜ is not absolutely simple, then G˜ = ResC/R(G) for a simply connected
simple algebraic C-group G. In this case we choose k of type II. Let
p be a rational prime number which splits completely in k with finite
places w1, . . . , wn dividing p and kwi
∼= Qp for all i.
By Theorem B in [6] there is a simply connected, absolutely simple
algebraic k-group H such that
• H×k k1 ∼= G,
• H(kj) is compact for all j ≥ 2, and
• H(kwi) ∼= H(kwj) for all i, j ∈ {1, . . . , n}.
If G is of type Am (using G 6= PSLm(H)) we can take H to be a
special unitary group. If G is of type D4, we can take H to be a spinor
group. By construction the groupH then has the congruence subgroup
property and we can find an arithmetic subgroup Γ ⊆ H(k) which does
not intersect the congruence kernel, so that Γ̂ ∼= Γ ⊆ H(Afk). Passing
to a finite index subgroup if needbe, we may assume that Γ intersects
the center of H trivially, too.
We decompose the ring of finite adeles as Afk =
∏n
i=1 kwi ×Af,p
′
k into
the p- and p′-part. We can find open compact subgroups K0,i ⊆ H(kwi)
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such that K0,i ∼= K0,j for all i, j and such that
n∏
i=1
K0,i ×Kp
′
f ⊆ Γ
where Kp
′
f is some open compact subgroup ofH(A
f,p′
k ). We choose open
compact subgroups K1,i ⊆ K0,i again such that K1,i ∼= K1,j for all i, j
of sufficiently large index satisfying |K0,i : K1,i| > |Z(H)(k)|. Now we
define the arithmetic groups
Γj = Γ ∩
n∏
i=1
Kδi,j ,i ×Kp
′
f
where δi,j is the Kronecker-Delta. By construction Γ̂j ∼=
∏n
i=1Kδi,j ,i ×
Kp
′
f , hence the groups Γ1, . . . ,Γn are profinitely isomorphic. Being
subgroups of Γ, they do not intersect the center.
It remains to prove that the arithmetic groups Γ1, . . . ,Γn are pair-
wise non-isomorphic. We explain this for Γ1 and Γ2. Suppose for a
contradiction that φ : Γ1 → Γ2 is an isomorphism. As Γ2 is a subgroup
of H(k), it follows from Margulis superrigidity [18, Theorem (5), p.5]
(using that k has no automorphisms) that there is an automorphism η
of H defined over k and a homomorphism ν : Γ1 → Z(H)(k) such that
φ(γ) = ν(γ)η(γ)
for all γ ∈ Γ1. Fix a Haar measure on H(kw1). Using the inclusion of
Γ2 into H(kw1), we see that the closure φ(Γ1) of φ(Γ1) inH(kw1) is K0,1.
On the other hand, φ(Γ1) is contained in Z(H)(k)η(K1,1). This can be
used to derive a contradiction, since the Haar measure of the latter is
strictly smaller than the Haar measure of K0,1. Recall that H(k1) is
unimodular [18, I(2.2.3)] and that the inner automorphism group of H
has finite index in the automorphism group of H. We deduce that η
preserves the Haar measure and therefore
vol(K0,1) = vol(φ(Γ1)) ≤ |Z(H)(k)|vol(η(K1,1))
= |Z(H)(k)|vol(K0,1)|K0,1 : K1,1|−1 < vol(K0,1)
which is a contradiction. 
Appendix A. The congruence subgroup problem
The known positive solutions of the congruence subgroup problem
constitute the core reason that makes our construction work. Since the
precise results we will need have appeared bit by bit over decades in
the literature, we give a concise recap on the methods and the state
of the art in the theory, referring to the survey article [23] for more
extensive information and references.
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Let k be a number field and let G be a simply connected absolutely
almost simple linear algebraic k-group which is isotropic at some in-
finite place of k. We fix an embedding G ⊂ GLn. The group of k-
rational points G(k) is endowed with two topologies. The arithmetic
topology is defined by the unit neighborhood base of G(k) consisting
of all finite index subgroups of G(Ok) = G(k) ∩GLn(Ok) where Ok
denotes the ring of integers of k. The a priori coarser congruence topol-
ogy has as unit neighborhood base the principal congruence subgroups
ker(G(Ok)→ G(Ok/a)) for nonzero ideals a ⊂ Ok. The uniform com-
pletions with respect to the arithmetic and the congruence topology
are commonly denoted by Ĝ(k) and G(k), respectively. We thus have
a canonical surjection Ĝ(k) → G(k) whose kernel is called the con-
gruence kernel C(k,G). The Kneser–Platonov strong approximation
theorem implies that that the identity map of G(k) extends uniquely
to an isomorphism G(k) ∼= G(Afk) where Afk denotes the ring of finite
adeles of k. We thus have a short exact sequence
(A.1) 1 −→ C(k,G) χ−−→ Ĝ(k) ϕ−−→ G(Afk) −→ 1
which restricts to the short exact sequence
(A.2) 1 −→ C(k,G) −→ Ĝ(Ok) −→
∏
v∈Vf (k)
G(Ov) −→ 1
where Ov denotes the valuation ring in the non-archimedean comple-
tion kv of k. Here Ĝ(Ok) is the closure of G(Ok) in Ĝ(k). As the
finite index subgroups of G(Ok) form a unit neighborhood base for
the dense subgroup G(Ok) ⊂ Ĝ(k), the group Ĝ(Ok) is actually
the profinite completion of G(Ok). This justifies the notational col-
lision. In contrast, for the subspace topology of the dense embedding
G(Ok) ⊂
∏
v∈Vf (k)
G(Ov), only the principal congruence subgroups
form a unit neighborhood base. Hence the congruence kernel C(k,G)
is trivial if and only if the latter base is cofinal in the former, to wit if
and only if every finite index subgroup of G(Ok) contains a principal
congruence subgroup. So in general C(k,G) captures in how far G
deviates from having this property. The congruence subgroup problem
consists in determining the group C(k,G). Being a profinite group,
C(k,G) is either finite or uncountable. So the most important part of
the congruence subgroup problem is to decide which of these two cases
occurs for the given G. If C(k,G) is finite, we will say that G has the
congruence subgroup property (CSP).
Finiteness of C(k,G) is typically proven along the following lines.
Let H∗( · ) denote continuous cohomology of topological groups, with
values in R/Z unless otherwise specified. Corresponding to the group
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extension (A.1), we have an exact sequence
0→ H1(G(Afk))
ϕ∗−→ H1(Ĝ(k)) χ∗−→ H1(C(k,G))G(Afk) ψ−→ H2(G(Afk))
as is for instance explained in [32, Remark on p. 118]. From this, we
obtain the short exact sequence
0 −→ cokerϕ∗ −→ H1(C(k,G))G(Afk) −→ imψ −→ 0.
Let us assume that the extension (A.1) is central. This assumption al-
lows to extract quite some information on C(k,G). For in that case, the
cohomological action of G(Afk) is trivial, hence the middle term is just
the Pontryagin dual of C(k,G) consisting of all continuous homomor-
phisms h : C(k,G)→ R/Z. The extension (A.1) is then moreover clas-
sified by an element e ∈ H2(G(Afk), C(k,G)) and the homomorphism
ψ has the description ψ(h) = h∗e where h∗ : H
2(G(Afk), C(k,G)) →
H2(G(Afk)) denotes the change of coefficients homomorphism. Since
the extension (A.1) splits overG(k), the restriction of e toH2(G(k), C(k,G))
is trivial. By naturality, this has the effect that imψ is a subgroup of
the metaplectic kernel
M(k,G) = ker
(
H2(G(Afk)) −→ H2(G(k))
)
.
Here it is understood that G(k) carries the discrete topology. Substan-
tial work has been invested into the computation of metaplectic kernels,
culminating in the encompassing results of Prasad and Rapinchuk [22].
Theorem A.1 ([22, Theorem 2.7]). The metaplectic kernel is finite.
In fact, the theorem states more generally that the S-metaplectic
kernel is finite for arbitrary S – in our case S = V∞(k) is the set of in-
finite places of k. In particular, the centrality of the congruence kernel
allows to conclude that imψ is finite. We now turn our attention to
cokerϕ∗. It is a straightforward consequence of the Margulis normal
subgroup theorem that any noncentral normal subgroup of G(k) has
finite index [20, Theorem 9.8, p. 516]. Hence G(k) has finite abelian-
ization. This forces cokerϕ∗ to be finite. Since the relevant surveys on
CSP spare the details at this point, let us include the argument.
Proposition A.2. The abelian group cokerϕ∗ is finite.
Proof. Let [G(k),G(k)] ⊆ G(k) be the closure of the commutator sub-
group [G(k),G(k)] in G(k) with respect to the congruence topology.
Finiteness of cokerϕ∗ follows once we see that restricting continuous
homomorphisms Ĝ(k)→ R/Z to [G(k),G(k)] induces an isomorphism
(A.3) ̺ : cokerϕ∗
∼=−−→ Hom([G(k),G(k)]/[G(k),G(k)], R/Z).
Indeed, ̺ is well-defined because an element in imϕ∗ is a homomor-
phism h : Ĝ(k) → R/Z whose restriction to G(k) is continuous in the
PROFINITELY ISOMORPHIC LATTICES 21
congruence topology, hence vanishes on [G(k),G(k)]. The homomor-
phism ̺ is moreover surjective because an injection of finite abelian
groups induces a surjection of the Pontryagin duals; so a given homo-
morphism [G(k),G(k)]/[G(k),G(k)]→ R/Z lifts first toG(k)/[G(k),G(k)],
then to G(k) where it is continuous in the arithmetic topology because
it has finite image. Hence it extends to Ĝ(k). Lastly, to see that ̺ is
injective, consider a homomorphism h : Ĝ(k) → R/Z which restricts
to zero on [G(k),G(k)]. Then the restriciton of h to G(k) factorizes
over G(k)/[G(k),G(k)]. The subgroup [G(k),G(k)] of G(k) has finite
index and is closed in the congruence topology, so it is open in the
congruence topology. This shows that h restricts to a continuous func-
tion in the congruence topology on G(k), which then extends to the
congruence completion G(Afk). The precomposition of this extension
with ϕ must give back h because continuous extensions from G(k) to
Ĝ(k) are unique. Hence h ∈ imϕ∗. 
Since a finite abelian group is isomorphic to its Pontryagin dual, we
thus have proven unconditionally:
Theorem A.3. If the congruence kernel is central, then it is finite.
The isomorphism (A.3) shows moreover that if G(k) is perfect, then
cokerϕ∗ is trivial, hence ψ is injective. We shall now discuss that
assuming C(k,G) is central, ψ is also surjective. This is proven in
a two-step procedure [21, Theorem 2.9]. First one sees that one can
replace the compact coefficient group R/Z with the discrete coefficient
group Q/Z and show instead the surjectivity of
Hom(C(k,G),Q/Z)
ψ˜−→ ker
(
H2(G(Afk),Q/Z)
restr.−−−→ H2(G(k),Q/Z)
)
.
For the second step, we observe that this last kernel classifies topologi-
cal central extensions of G(Afk) by Q/Z which split over G(k). Hence
surjectivity of ψ˜ asserts the case D = Q/Z of the more general state-
ment that for any central extension with discrete kernel D and split
over G(k) as in the bottom row below, there are dashed arrows making
the diagram commute.
1 // C(k,G)
χ
//
h

✤
✤
✤
Ĝ(k)
ϕ
//

✤
✤
✤
G(Afk)
//
↾G(k)cc
1
1 // D // E // G(Afk)
//
↾G(k)
aa 1
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If D was a profinite group, the middle dashed arrow could be con-
structed by extending the section using the universal property of profi-
nite completions, a construction owing to Bass–Milnor–Serre [3, The-
orem 15.1]. The adaptation to discrete C can be found in [21, Theo-
rem 2.9]. To sum up, we obtain:
Theorem A.4. If C(k,G) is central and G(k) is perfect, then the con-
gruence kernel C(k,G) is isomorphic to the metaplectic kernelM(k,G).
The above discussion shows that under the assumptions of the theo-
rem, the extension (A.1) is universal among topological central exten-
sions of G(Afk) by discrete groups D which split over G(k): the dashed
arrows exist and are unique. It remains to record for which groups
the assumptions of the theorem are known and to spell out the precise
computation of the metaplectic kernel in these cases.
Theorem A.5. Let G be a simply connected absolutely almost simple
linear algebraic k-group which either is k-isotropic or has type
• Bl (l ≥ 2),
• Cl (l ≥ 2),
• Dl (l ≥ 5),
• E7, E8, F4, G2,
or let G be the type 2Am−1 group G = SUm(K, h) where h is a non-
degenerate m-dimensional Hermitian form over a quadratic extension
K/k with m ≥ 3. Then the group G(k) of k-rational points is perfect.
If in addition
∑
v∈V∞(k)
rankkvG ≥ 2, then C(k,G) is central.
Proof. More generally than the theorem asserts, it was actually proven
that G(k) has no proper non-central normal subgroups in these cases.
If G is k-isotropic, this can be found in [20, Theorem 9.1, p. 512] with
the gap of 2E6 meanwhile filled in by Gille [8]. For the k-anisotropic
cases, a reference is [20, Theorem 9.5, p. 513 and Corollary 9.7, p. 515].
The proof of centrality of C(k,G) for k-isotropic G was completed by
Raghunathan [27, Main theorem] after Bass–Milnor–Serre, Mennicke,
Matsumoto, and Serre had dealt with various special cases beforehand.
The statement of Rhagunathan’s theorem still includes some noise that
can now be deleted in view of Gille’s result on 2E6 which was not yet
available at the time. Finally, the centrality of C(k,G) in the listed
anisotropic cases is stated in [20, Theorems 9.23 and 9.24]. 
It is conjectured that the theorem actually holds true without restric-
tion on the type of G. Let us briefly discuss the open cases. We still
have no result for anisotropic inner forms and most anisotropic outer
forms of type Al. So the simplest open case would be the reduced
norm one group G = SL1(D) of a quaternion division algebra D over
k which is unramified at least at two infinite places of k. The proof for
the listed exceptional types uses that such k-anisotropic groups split
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over a quadratic extension of k. This fails for anisotropic forms of
type E6. In type D4, the reference [20, Theorem 9.5, p. 513] actually
includes that the group G(k) is perfect, except possibly for the triality
forms 3D4 and
6D4. The centrality of C(k,G) in type D4 seems to
be open in general but by Kneser [14, 11.1], we at least know that if
G = Spin(q) is the spinor group of a non-degenerate quadratic k-form
of rank eight (or higher), then C(k,G) is central. Note that Kneser’s
result actually gave the first known examples of central congruence ker-
nels for anisotropic groups by taking an anisotropic form q. Some more
scattered results are available in the literature. Recently, it was estab-
lished that anisotropic inner forms of type An have trivial S-congruence
kernel C(k,G, S) for certain infinite sets S of places, for example those
S which contain all primes in an arithmetic progression [24, 26].
Remark A.6. The status of centrality of C(k,G) if
∑
v|∞ rankkvG = 1
is still under debate. Already F.Klein knew that centrality fails for
SL2 and in fact Melnikov showed it fails dramatically: C(Q,SL2) is
a free profinite group of countable rank. The first general conjecture
on congruence kernels by Serre stated that C(k,G) would always be
non-central in rank one. But meanwhile it was discovered that lattices
in the Lie groups Sp(n, 1) and F4(−20) show the “higher rank phenom-
ena” superrigidity, arithmeticity, and property (T). One might take this
as evidence that they should have CSP, too. Interestingly, if one sin-
gle such lattice with CSP exists, it can be used to construct a non-
residually finite hyperbolic group [16, Section 4]—a well-known open
problem.
Theorem A.7 ([22, Main theorem]). Let G be a simply connected
absolutely almost simple linear algebraic k-group.
(i) The metaplectic kernel M(k,G) is isomorphic to a subgroup of
the group µ(k) of roots of unity in k.
(ii) If k has a real place v such that G(kv) is not topologically simply
connected, then M(k,G) is trivial.
For our reference, we sum up the results of this section in the manner
we will need them.
Theorem A.8. Let G be as in Theorem A.5, including the higher rank
condition. Assume additionally that k is not totally imaginary.
(i) The congruence kernel C(k,G) has order at most two.
(ii) If G is not topologically simply connected at some real place of k,
then C(k,G) is trivial.
References
[1] M. Aka, Profinite completions and Kazhdan’s property (T), Groups Geom. Dyn.
6 (2012), no. 2, 221–229, DOI 10.4171/GGD/155. MR2914858
24 H. KAMMEYER AND S. KIONKE
[2] , Arithmetic groups with isomorphic finite quotients, J. Algebra 352
(2012), 322–340, DOI 10.1016/j.jalgebra.2011.10.033. MR2862189
[3] H. Bass, J. Milnor, and J.-P. Serre, Solution of the congruence subgroup problem
for SLn (n ≥ 3) and Sp2n (n ≥ 2), Inst. Hautes E´tudes Sci. Publ. Math. 33
(1967), 59–137. MR0244257
[4] M. Bridson, D. McReynolds, A. Reid, and R. Spitler, Absolute profinite rigidity
and hyperbolic geometry, to appear in Ann. of Math.arXiv:arXiv:1811.04394
[5] A. Borel and Harish-Chandra, Arithmetic subgroups of algebraic groups, Ann.
of Math. (2) 75 (1962), 485–535, DOI 10.2307/1970210. MR147566
[6] A. Borel and G. Harder, Existence of discrete cocompact subgroups of reductive
groups over local fields, J. Reine Angew. Math. 298 (1978), 53–64. MR483367
[7] P. Deligne, Extensions centrales non re´siduellement finies de groupes
arithme´tiques, C. R. Acad. Sci. Paris Se´r. A-B 287 (1978), no. 4, A203–A208
(French, with English summary). MR507760
[8] P. Gille, Le proble`me de Kneser-Tits, Aste´risque 326 (2009), Exp. No. 983,
vii, 39–81 (2010) (French, with French summary). Se´minaire Bourbaki. Vol.
2007/2008. MR2605318
[9] H. Kammeyer, Introduction to ℓ2-invariants, Lecture Notes in Mathematics,
vol. 2247, Springer, Cham, 2019. MR3971279
[10] , Profinite commensurability of S-arithmetic groups, to appear in Acta
Arith. arXiv:1802.08559
[11] H. Kammeyer, S. Kionke, J. Raimbault, and R. Sauer, Profinite invariants of
arithmetic groups, to appear in Forum of Mathematics, Sigma.arXiv:1901.01227
[12] N. Klingen, Arithmetical similarities, Oxford Mathematical Monographs, The
Clarendon Press, Oxford University Press, New York, 1998. Prime decomposi-
tion and finite group theory; Oxford Science Publications. MR1638821
[13] M. Kneser, Galois-Kohomologie halbeinfacher algebraischer Gruppen u¨ber p-
adischen Ko¨rpern. II, Math. Z. 89 (1965), 250–272, DOI 10.1007/BF02116869
(German). MR188219
[14] , Normalteiler ganzzahliger Spingruppen, J. Reine Angew. Math.
311(312) (1979), 191–214, DOI 10.1515/crll.1979.311-312.191 (German).
MR549966
[15] W. Landherr, A¨quivalenz Hermitescher Formen u¨ber einem beliebigen alge-
braischen Zahlko¨rper, Abh. Math. Sem. Univ. Hamburg 11 (1935), no. 1, 245–
248, DOI 10.1007/BF02940728 (German). MR3069658
[16] A. Lubotzky, Some more non-arithmetic rigid groups, Geometry, spectral the-
ory, groups, and dynamics, Contemp. Math., vol. 387, Amer. Math. Soc., Prov-
idence, RI, 2005, pp. 237–244. MR2180210
[17] A. Lubotzky, Finiteness properties and profinite completions, Bull. Lond. Math.
Soc. 46 (2014), no. 1, 103–110, DOI 10.1112/blms/bdt070. MR3161766
[18] G. A. Margulis, Discrete subgroups of semisimple Lie groups, Ergebnisse der
Mathematik und ihrer Grenzgebiete (3), vol. 17, Springer-Verlag, Berlin, 1991.
MR1090825
[19] J. S. Milne and J. Suh, Nonhomeomorphic conjugates of connected Shimura
varieties, Amer. J. Math. 132 (2010), no. 3, 731–750, DOI 10.1353/ajm.0.0112.
MR2666906
[20] V. Platonov and A. Rapinchuk, Algebraic groups and number theory, Pure
and Applied Mathematics, vol. 139, Academic Press, Inc., Boston, MA, 1994.
Translated from the 1991 Russian original by Rachel Rowen. MR1278263
[21] G. Prasad and M. S. Raghunathan, On the congruence subgroup problem: de-
termination of the “metaplectic kernel”, Invent. Math. 71 (1983), no. 1, 21–42.
MR688260
PROFINITELY ISOMORPHIC LATTICES 25
[22] G. Prasad and A. S. Rapinchuk, Computation of the metaplectic kernel, Inst.
Hautes E´tudes Sci. Publ. Math. 84 (1996), 91–187 (1997). MR1441007
[23] , Developments on the congruence subgroup problem after the work of
Bass, Milnor and Serre (2008). e-print arXiv:0809.1622.
[24] G. Prasad and A. S. Rapinchuk, On the congruence kernel for simple alge-
braic groups, Tr. Mat. Inst. Steklova 292 (2016), no. Algebra, Geometriya
i Teoriya Chisel, 224–254, DOI 10.1134/S0371968516010143; English transl.,
Proc. Steklov Inst. Math. 292 (2016), no. 1, 216–246. MR3628463
[25] , On the existence of isotropic forms of semi-simple algebraic groups
over number fields with prescribed local behavior, Adv. Math. 207 (2006), no. 2,
646–660, DOI 10.1016/j.aim.2006.01.001. MR2271021
[26] M. M. Radhika and M. S. Raghunathan, On the congruence subgroup problem
for anisotropic groups of inner type An, Math. Z. 295 (2020), no. 1-2, 583–594,
DOI 10.1007/s00209-019-02373-y. MR4100032
[27] M. S. Raghunathan, On the congruence subgroup problem. II, Invent. Math.
85 (1986), no. 1, 73–117, DOI 10.1007/BF01388793. MR842049
[28] A. W. Reid, Profinite rigidity, Proceedings of the International Congress of
Mathematicians—Rio de Janeiro 2018. Vol. II. Invited lectures, World Sci.
Publ., Hackensack, NJ, 2018, pp. 1193–1216. MR3966805
[29] L. Ribes and P. Zalesskii, Profinite groups, 2nd ed., Ergebnisse der Mathematik
und ihrer Grenzgebiete. 3. Folge. A Series of Modern Surveys in Mathematics
[Results in Mathematics and Related Areas. 3rd Series. A Series of Modern
Surveys in Mathematics], vol. 40, Springer-Verlag, Berlin, 2010. MR2599132
[30] W. Scharlau, Quadratic and Hermitian forms, Grundlehren der Mathema-
tischen Wissenschaften [Fundamental Principles of Mathematical Sciences],
vol. 270, Springer-Verlag, Berlin, 1985. MR770063
[31] J.-P. Serre, A course in arithmetic, Springer-Verlag, New York-Heidelberg,
1973. Translated from the French; Graduate Texts in Mathematics, No. 7.
MR0344216
[32] , Local fields, Graduate Texts in Mathematics, vol. 67, Springer-Verlag,
New York-Berlin, 1979. Translated from the French by Marvin Jay Greenberg.
MR554237
[33] M. Stover, Lattices in PU(n, 1) that are not profinitely rigid, Proc. Amer. Math.
Soc. 147 (2019), no. 12, 5055–5062, DOI 10.1090/proc/14763. MR4021068
[34] J. Tits, Classification of algebraic semisimple groups, Algebraic Groups and
Discontinuous Subgroups (Proc. Sympos. Pure Math., Boulder, Colo., 1965),
Amer. Math. Soc., Providence, R.I., 1966, 1966, pp. 33–62. MR0224710
[35] , Reductive groups over local fields, Automorphic forms, representations
and L-functions (Proc. Sympos. Pure Math., Oregon State Univ., Corvallis,
Ore., 1977), Proc. Sympos. Pure Math., XXXIII, Amer. Math. Soc., Provi-
dence, R.I., 1979, pp. 29–69. MR546588
(H. Kammeyer) Institute for Algebra and Geometry, Karlsruhe In-
stitute of Technology, 76131 Karlsruhe, Germany
(S. Kionke) Fakulta¨t fu¨r Mathematik und Informatik, FernUniver-
sita¨t in Hagen, 58084 Hagen, Germany
E-mail address : holger.kammeyer@kit.edu
E-mail address : steffen.kionke@fernuni-hagen.de
